We argue that the usual notions of thermodynamic and entanglement entropy have novel analogs in the context of higher spin theories. In particular, the Wald and RyuTakayanagi formulas have natural higher spin extensions that we work out and study. On the CFT side, just as standard entanglement entropy in CFT 2 can be computed from twist field correlators, we demonstrate that by introducing corresponding operators carrying higher spin charge we can precisely reproduce our results from the bulk.
Introduction
Much of the power and appeal of gauge/gravity duality is captured by the statement that it relates highly fluctuating quantum field theory data to smooth classical geometry, and does so in a precise quantitative way. The prototype relation is between the thermal entropy of the boundary field theory and the Bekenstein-Hawking entropy of the dual black hole, or its refinement via the Wald entropy [1, 2] . This admits a generalization in terms of the Ryu-Takayanagi formula [3] , which asserts that the entanglement entropy of a subsystem can be computed from the area of a bulk minimal surface that extends to the boundary. To the extent that understanding quantum gravity means understanding what quantum object has geometry as its classical limit, these relations provide us with valuable footholds.
It is of obvious interest to ask whether these ideas admit further generalization. Here we propose such a generalization in the context of the duality between three-dimensional higher spin gravity [4] and certain two-dimensional conformal field theories [5] . We will argue that there exist new notions of entropy that have the same relation to the higher spin fields that the ordinary entropy has to the metric degrees of freedom. We will provide several prescriptions for computing the generalized higher spin entropy in a variety of contexts, both in the bulk and in the CFT, and see that an apparently consistent picture emerges. However, unlike the case for ordinary entropy, the fundamental statistical meaning is unclear at this stage; we lack a first principles formulation in terms of a density matrix, although we anticipate that such a formulation exists.
To motivate our proposal, it is useful to review the ways in which we compute ordinary entropy, and to see how these computations admit natural higher spin generalizations. First consider the Wald formalism [1, 2] . Applied to a stationary black hole solution, one considers the Noether charge corresponding to a Killing vector that vanishes on the horizon (or more accurately on the bifurcation surface). This leads to a first law relation T δS = δE, where δS is a local geometric expression at the horizon, and δE is a surface integral at infinity. As we review, this line of reasoning can also be applied to compute the entanglement entropy of a single interval for small fluctuations around AdS [6] . The analysis is now based on a Killing vector that vanishes on the bulk geodesic connecting the endpoints of the interval. In higher spin gravity, coordinate transformations are part of the larger higher spin gauge symmetry, and we can therefore ask if there are other gauge transformations that are symmetries of the background and vanish on the appropriate hypersurfaces. In fact there are, and they lead to first law relations in the same way as in the usual Wald analysis, relating variations at the horizon to those at infinity. Applied to a single interval on the boundary of AdS, we show that for small fluctuations around AdS this generalized higher spin entropy is equal to the integrated pullback of the higher spin field along the geodesic curve.
The first law relation [7] for ordinary entanglement entropy is written δS = δH B , where in the bulk δS is the variation of the geodesic length, and δH B is the variation of the "modular Hamiltonian"
where the interval is z ∈ [z 1 , z 2 ] and T (z) is the boundary stress tensor (there is also a contribution from the anti-holomorphic component of the stress tensor that we have suppressed). The first law for higher spin entanglement entropy is analogous; for the spin-3 case we write δS 3 = δH B,3 . As noted above, δS 3 is proportional to the integrated pullback of the spin-3 field, and
where W (z) is the boundary spin-3 current. In higher spin gravity, the Ryu-Takayanagi formula is only valid when all higher spin fields are set to zero; when the latter are nonzero there is no preferred metric with which to compute a length. Instead, the correct observable that computes entanglement entropy is a Wilson line in a particular representation of the gauge group [8, 9] . This prescription also turns out to admit a natural version that computes our higher spin entropy. In particular, the Wilson line that computes S can be thought of as a point particle that carries energy but no higher spin charge. If we instead take the particle to have vanishing energy but nonzero spin-3 charge, then the Wilson line yields S 3 defined in the Wald formalism. In fact, the Wilson line definition is more general, since it holds for arbitrary backgrounds, not just for stationary black holes or states that are near the vacuum. The charge assignment for the probe particle is not arbitrary, but is fixed by the condition that the particle create a conical singularity in the higher spin field, in the same way that the ordinary probe creates a conical metric singularity.
This conical singularity approach is tightly connected to how one computes entanglement entropy in the CFT via twist fields [10] . This is based on the replica trick, where one writes S = −Trρ log ρ = −[
Trρ n ] n=1 , and then equates Trρ n with the partition function of the CFT on an n-sheeted Riemann surface. This partition function can be recast as the correlation function of twist fields in a theory based on n-copies of the original CFT. The most important property of the twist fields is that they are primaries of scaling dimension h = As just described, we therefore have a recipe for computing S 3 in the CFT, even though we don't know precisely what it is that we are computing. By this we mean that it is not clear at this stage how to define S 3 in terms of a reduced density matrix. For this we need a better understanding of the action of the new twist fields, rather than just knowing their quantum numbers; this is of course an interesting problem for the future.
The first law for entanglement entropy makes a repeated appearance in our work. Recently, it was shown that by starting from this relation, whose validity holds in the CFT, one can derive the linearized Einstein equations in the bulk [11, 6, 12] . As a slight extension of this idea, we will establish that in the higher spin context the first law can be used to establish the linearized equations for all the higher spin fields and not just the metric. This is to be expected, since these equations are linked through higher spin gauge invariance.
The remainder of this paper is organized as follows. In section 2 we discuss the Wald formalism in ordinary gravity, with emphasis on its implementation in the Chern-Simons formulation. We show how to derive black hole entropy and entanglement entropy from this point of view. In section 3 we turn to the higher spin theory and show how the Wald analysis can be generalized to define a new type of entropy. In section 4 we discuss the Wilson line approach to computing generalized higher spin entanglement entropy. The CFT side is studied in section 5, and in section 6 we show how to obtain the linearized bulk equations from the entanglement first law. An appendix summarizes our conventions.
Wald entropy in the Chern-Simons formulation of 3D gravity
In this section we first briefly recall the results of Wald [1] for defining black hole entropy in an arbitrary diffeomorphism invariant theory of gravity, and then discuss the analogous formalism in the Chern-Simons formulation of 3D gravity [13, 14] . The latter formalism will be used in the following sections as it is convenient for introducing higher spin fields in AdS 3 [15] .
Wald showed how to define a local geometrical quantity at the horizon of a stationary black hole whose variation δS obeys
where κ is the surface gravity, E and J are the canonically defined energy and angular momenta, and Ω (µ) are the angular velocities of the horizon.
Metric formulation
We summarize here the structure of the computation. Starting from a gravitational lagrangian d-form L, one can compute the symplectic current Ω(δ 1 φ, δ 2 φ) as follows
where Θ(δφ) is the (d − 1) form appearing when one varies the Lagrangian (the total derivative piece),
Associated with the diffeomorphism vector field ξ and associated Lie derivative L ξ is the Noether current
whose variation is related to the symplectic current in the following way
On-shell J[ξ] is closed and in fact exact. Off-shell we can write 6) where C vanishes when the equations of motion are satisfied. The expression (2.6) defines the Noether charge Q[ξ]. Now choose ξ to be a Killing vector that leaves the field configuration invariant, so the symplectic current Ω(δφ, L ξ φ) vanishes. If we consider an on-shell variation and integrate δJ[ξ] − d(ξ · Θ) on a spacelike hypersurface C we can write, using (2.6),
To derive the first law variation we take the hypersurface to have an inner boundary Σ at the bifurcation surface of the black hole and an outer boundary at infinity. We further
∂φ (µ) so that it vanishes at the bifurcation surface. The boundary term at infinity can then be identified with δE − Ω (µ) H δJ (µ) and we arrive at
This takes the form of the first law under the identification
It remains to integrate (2.9) to obtain S. From the structure of the Noether charge in an arbitrary diffeomorphism invariant theory of gravity, Iyer and Wald [2] thereby obtained their famous result for S in terms of the derivative of the Lagrangian with respect to the Riemann tensor. For Einstein gravity this of course gives the Bekenstein-Hawking formula S = A/4G.
Chern-Simons formulation
We consider Chern-Simons theories with gauge group G × G and action
The action is invariant under gauge transformations
The equations of motion imply that the connections are flat
The connections A andĀ are independent and so we can perform the analog of the Wald analysis separately for the two terms in (2.10). The symplectic current associated to A is found to be
Instead of the diffeomorphisms employed in the metric version of Wald's analysis, in the Chern-Simons theory we consider gauge transformations (2.12). The symplectic current evaluated for these gauge transformations is
If Λ is a symmetry of the background in the sense that δ Λ A = 0, and if both the background and the variation are on-shell, F = F + δF = 0, then integrating (2.15) over a spacelike hypersurface with inner boundary Σ and outer boundary at infinity yields
For suitable choice of Λ, this will be the Chern-Simons analog of the first law variation (2.8). The barred connection of course obeys the analogous relation. The entropy will be identified if we can find an expression S obeying
where T is the temperature. It is useful to study this in a couple of simple examples.
Example 1: Entropy of the BTZ black hole
The metric of the Euclidean BTZ black hole [16] can be written as
The charges Q 2 and Q 2 yield the nonvanishing components of the boundary stress tensor [17] ,
Smoothness at the Euclidean horizon fixes
The modular parameter τ is related to the inverse Hawking temperature β = 1/T and the angular velocity Ω H as
The black hole entropy is read from the area of the horizon at e 2ρ + = Q 2 Q 2 as
To obtain this from the Wald analysis one employs the Killing vector (with z = φ + it,
This can be shown to lead to
in accordance with (2.9). Now we would like to recover this result in the Chern-Simons formulation. The connections for the BTZ solution are 
We also note that Tr(
, while other traces of bilinears vanish. The relations (2.21) are imposed by fixing the holonomy of the connection around the thermal circle S T specified by (z, z) → (z + 2πτ,z + 2πτ ). We write 27) and then impose 28) along with the analogous condition on the barred connection. This ensures that e S T a lies in the center of SL (2), which is the analog of there being no conical singularity at the horizon. Given the relation between the metric and the connection, 29) it is well known that a gauge transformation by
acts on the metric as a diffeomorphism by the vector field v; i.e. δg µν = L v g µν . To obtain the first law variation for the entropy in the Chern-Simons formulation we should take v = ξ, where ξ is the same Killing vector (2.24) employed in the metric formulation. It is easy to see that such gauge transformations leave the BTZ connections invariant as required. From (2.17) we then arrive at
Note that the integral can be evaluated at any radial location, since the integrand is independent of ρ. That is, the inner boundary of Σ can be chosen arbitrarily. Equation ( 
where we have defined
k is defined such that k = k cs when the generators correspond to the two-dimensional representation of SL (2). (2.33) agrees with (2.23) using the identification
The relation (2.35) follows from comparing the Chern-Simons and Einstein-Hilbert actions. An alternative form [18] for the entropy can be obtained by diagonalizing the matrices appearing in (2.32) . Note that flatness implies that all the matrices mutually commute and hence can be diagonalized simultaneously. We can always choose to order the eigenvalues of h and h such that (note that this is compatible with (2.28))
and we then write 37) where λ φ and λ φ are diagonal. This yields
Example 2: Single interval entanglement entropy in Poincaré AdS 3
For our next example we consider the holographic computation of entanglement entropy for a single interval in CFT 2 . According to the Ryu-Takayanagi formula [3] , for Einstein gravity the entanglement entropy is equal to the (regularized) length of the geodesic connecting the endpoints of the interval, 39) where Σ denotes the geodesic in Poincaré AdS 3 . It is intructive to derive this result from a Wald type analysis, first in the metric formulation and then in the Chern-Simons formulation.
The line element of Poincaré AdS 3 is given by 40) and the boundary is at u = 0. The interval is defined to lie in the boundary, withz = z and z ∈ [z 1 , z 2 ]. We will denote this interval as B(z 1 , z 2 ). The geodesic anchored at the endpoints of the interval is given by
In terms of the worldline parameter s we write
The tangent vector obeying g µν
For the Wald analysis we need a Killing vector that vanishes at the geodesic. Such a Killing vector is Applying the Wald formulas (2.8)-(2.9) to this setup yields a first law relation δS B = δH B where S B is given by (2.39) and H B is the "modular Hamiltonian"
is the boundary stress tensor. This first law for entanglement entropy can be derived independently in the CFT [19] .
In the Chern Simons formulation, the connections that give rise to the Poincaré AdS geometry are
In order to perform a Wald computation we need to use gauge transformations that leave these connections invariant. A first guess is Λ = ξ B · A and Λ = ξ B · A, in analogy with what we had in the BTZ case. However, one finds that these gauge transformations do not leave the connection (2.46) invariant. More generally, we can take Λ = ξ B · A + Y and Λ = ξ B · A + Y . The addition of a common Y to both transformations acts a local Lorentz transformation and has no effect on the metric. So for a suitable Y we can expect that these transformation will leave the connections invariant, since they all act on the metric as isometries. The AdS 3 metric is invariant under an SL(2) × SL (2) group of isometries. The corresponding Killing vectors are
Associated to each Killing vector is a gauge transformation that leaves the connections invariant:
where i = 1, 2, 3. Now we note that the Killing vector ξ B can be written
Therefore, the gauge transformation
leaves the connection invariant, and furthermore acts as an isometry by ξ B since
This gauge transformations is therefore the appropriate one to use in a Wald computation. We want to show that the relation (2.16) is equivalent to the (unbarred part of) the first law δH B = δS B , where S B is given by (2.39), and H B by (2.45). We have
Now we note that when evaluated on the geodesic the Killing vectors ξ B,L and ξ B,R are proportional to the tangent vector along the geodesic,
Although the first law relation (2.16) holds for any choice of Σ, if we take Σ to be the geodesic then we can use (2.54) to integrate (2.53). In particular, we then find
It is also interesting to study the left hand side of equation (2.16), which is evaluated at the AdS boundary. Here we consider variations of the connection that preserve the asymptotic AdS 3 structure. We can choose a gauge such that δA
on the boundary, we find
(2.56)
We have thus verified the first law for entanglement entropy δS = δH B . Of course, the same analysis goes through when we consider a variation of the barred connection.
Wald entropy, and its generalizations, in higher spin gravity
As reviewed in the last section, Wald's analysis takes a Killing vector that vanishes on the bifurcation surface and uses it to construct an entropy that obeys a first law, relating a variation at the horizon to a variation at infinity. Applied to higher spin gravity, several new issues and possibilities arise. First, the formalism can be applied to the higher spin black holes constructed in [20] . Here the main subtlety involves expressing the result in terms of the right set of charges, as we review in the next subsection. Second, a new feature is that higher spin gravity enlarges the gauge algebra, and allows for a larger set of gauge transformations on which to base a Wald analysis. In particular, besides the usual spin-2 gauge transformations employed in the derivation of the thermodynamic entropy, there are additional higher spin transformation that also have the correct properties to lead to first law type variations. We discuss how these "higher spin entropies" emerge in several contexts.
Thermodynamic entropy of higher spin black holes
We briefly discuss this case in order to summarize the improved understanding achieved since the original proposal [20] . 3 The relevant points can all be made in the context of SL(3) × SL(3) gravity, and so here we restrict to that case.
In [20] the following connection was considered
The form of the . . . terms in a z is fixed by demanding flatness of the connection. In general, one can allow the potential µ and the currents Q 2,3 to depend on the coordinates (z, z). Doing so, one finds that the flatness conditions take precisely the form of Ward identities for a spin-2 current Q 2 (i.e. the stress tensor) and spin-3 current Q 3 in a CFT deformed by a spin-3 potential µ coupling to the spin-3 current. Since the Ward identities capture all the information implied by symmetry, this fixes the relation between the quantities in the connection and the currents appearing in a CFT with W 3 symmetry. For example, the Ward identities can be used to reconstruct uniquely all the correlators of the symmetry currents. This interpretation also passes several other tight consistency checks [29, 24, 30, 39] . These black hole solutions have µ constant, and the boundary coordinates live on a torus of modular parameter τ . The relation between the charges (Q 2 , Q 3 ) and the potentials (τ, µ) is fixed by demanding that the holonomy around the thermal circle matches that of the BTZ black hole; we impose (2.28) along with Tr[ [20] the entropy was taken to be S hol = −2πik cs Tr[ha z ] (this way of writing S first appeared in [18, 35] ). The motivation for this formula is that δS hol obeys the same first law variation as the entropy derived from the partition function 4 We just refer to the unbarred connection, but everything we say carries over to the barred sector. 5 We are not keeping track here of the normalization factors in front of the charges, but these can be found in the references cited.
Indeed, it was found that the black hole entropy matches the entropy of a CFT in the ensemble defined by (3.2) [24, 29] . The agreement is robust in that the CFT computations in [24] only use the symmetry algebra and not fine grained data of the specific CFT under consideration. However, it was pointed out in [34, 18] that the black hole entropy computed by canonical methods is not S hol but rather S can = −2πik cs Tr[ha φ ], as we saw in arriving at (2.32) via the Wald formalism. 6 This at first created a puzzle, since S can = S hol in the presence of higher spin charge, and yet S hol was found to match the CFT entropy.
To see how this puzzle is resolved it is useful to consider the analogous issues in the context of a Reissner-Nordstrom black hole in Einstein-Maxwell theory. The time component of the vector potential A t is usually taken to vanish at the horizon, which is needed in order that A µ is a smooth vector field. At infinity, one then has A t = µ, and µ is identified with the chemical potential. On the other hand, one can take the point of view that black hole solutions should respect the asymptotics of the vacuum, which has A t = 0. Of course, one can perform a gauge transformation to set the asymptotic value of A t in the black hole to zero.
7 This gauge transformation is rather inconsequential, in that it just shifts the value of A t by a constant, leaving everything else unchanged.
In the higher spin case the leading term in a z plays the role of a source coupling to the higher spin current on the boundary, as established via the Ward identities. Its presence means that we are adding to the CFT Lagrangian a source term µ 3 Q 3 . However in (3.2) we are counting up states in the original CFT without such a deformation. So to compare we should perform a gauge transformation that sets a z = 0, just as was done for A t in the Reissner-Nordstrom case. The difference is that because of the more complicated gauge algebra, the gauge transformation acts nontrivially on the solution. As above, this gauge transformation is admissible in the Lorentzian solution where there is no thermal circle. The resulting connection, denoted by primes, is
The relation between the primed and unprimed charges is fixed by equating the gauge invariant holonomies around the angular circle,
The main point is then the following: it is not hard to see that S hol has the same functional dependence on (Q 2 , Q 3 ) as S can has on (Q
. Therefore, if we take the entropy to be 6 Note that although we derived (2.32) in the context of the BTZ black hole, it's easy to see that the logic carries over directly to the higher spin case, with the same result. 7 Note that here we are thinking of the Lorentzian black hole solution; in the Euclidean case the holonomy of A around the thermal circle is gauge invariant and nonzero, and so cannot be set to zero by a single valued gauge transformation.
S can , but express it in terms of the primed charges, then the agreement with the CFT entropy is maintained. In particular, in the CFT we continue to use (3.2) but with all quantities thought of as primed. The question of the proper definition of the charges has been discussed in the works [26, 34, 18, 38, 40, 49] ; our interpretation above most closely follows [40] . To summarize, the correct entropy formula is S can as computed from the Wald analysis. When expressed in terms of variables for which the connection is asymptotically AdS, the result is in agreement with the CFT entropy.
Generalized higher spin black hole entropy
As discussed in section 2.3, the usual thermodynamic entropy follows by working out the Noether charge corresponding to the gauge transformation
This gauge transformation has two important features. First, it leaves the black hole solution invariant, and so the Wald formalism will yield a corresponding first law variation. Second, since Λ is proportional to the holonomy h, we were able to integrate the first law to arrive at the entropy S in (2.32).
In the higher spin case we have additional possibilities. In the metric formulation, what is special about the Killing vector ξ is that it vanishes on the bifurcation surface of the black hole. Similarly, in the presence of a spin-3 field, we can look for spin-3 gauge transformations that leave the solution invariant and that vanish on the bifurcation surface. The corresponding Noether charge will be related to a "spin-3 entropy" that obeys a first law variation. In the Chern-Simons formulation this logic can be implemented as follows.
As usual, we consider connections of the form (focussing as always on the unbarred part)
with a = a z dz + a z dz. We take (a z , a z ) to be constant, in which case flatness implies [a z , a z ] = 0, and assume the identification (z, z) ∼ = (z + 2π, z + 2π) ∼ = (z + 2πτ, z + 2πτ ). The connection is left invariant by the gauge transformation
where | tr refers to the traceless part, so that Λ 3 lies in the Lie algebra. We'll see in the next section how such gauge transformations are related to spin-3 transformations that vanish on the bifurcation surface. Note that we have chosen to add a factor of 3/2π in the definition of Λ 3 . This will be helpful when we compare the results from the Wald formalism and the Wilson line approach.
Repeating the logic leading to (2.32), we now have
This is integrated to yield
Note that the factor of T 2 accompanying δS 3 allows the variation to be integrated. S 3 obeys a first law variation of the form
We will have more to say about the interpretation of the right hand side in the next section.
, the same logic that led to (2.38) now yields
Now let us see how these consideration lead to an interesting extension of Cardy's formula for the entropy [52] . For simplicity we continue to focus on the case of SL(3) gravity. We now refer to the ordinary thermodynamic entropy as S 2 , given by S 2 = 2πk cs Tr[L 0 λ φ ]. Being a traceless 3 × 3 matrix, λ φ has two independent eigenvalues, and S 2 and S 3 are two linearly independent combinations of these two eigenvalues. At the same time we have a
where we are using the primed quantities defined in the previous section. Recall that a ′ φ has the same eigenvalues as a φ , and hence as λ φ . By taking traces we have
Since Q ′ 2 and Q ′ 3 are given by, respectively, linear combinations of squared or cubed eigenvalues of λ φ , it now follows that there exist relations of the form
(3.14)
for some numerical coefficients c 1,2 and d 1,2 which can easily be worked out from the above expressions. In writing the above we have also used the existence of a charge conjugation symmetry that flips the sign of Q 3 and S 3 . The thermodynamic entropy is obtained by solving these equations to get
. The BTZ black hole has Q 3 = S 3 = 0, and so the BTZ entropy formula fixes the coefficient c 1 . Also, we can choose to set c 2 = 1 by using the freedom to rescale S 3 . This leaves the two coefficients d 1,2 . So just based on general principles, we can say that the entropy formula S 2 (Q ′ 2 , Q ′ 3 ) is completely determined up to two numerical parameters. These two parameters can, for example, be read off from the expansion of S 2 to the first two nontrivial order in Q 3 . It would be interesting to understand from a more general perspective why the simple relations (3.14) hold. Note that a priori one could modify the right hand side by including an arbitrary function of the dimensionless combination S 2 3 /S 3 2 . In any case, the system of equations (3.14) seems to be the simplest way to think about the charge dependence of the entropy of a higher spin black hole.
These considerations extend straightforwardly to larger higher spin algebras. The difference is that now one has more charges, and more coefficients appear on the right hand of the formulas analogous to (3.14).
Generalized higher spin entanglement entropy
In section 2.4 we saw how the entanglement entropy for a single interval could be obtained by applying the Wald formalism. Here we perform an analogous computation to obtain a generalized entanglement entropy that is based on spin-3 gauge transformations.
We first make some preliminary observations in the metric formulation. On AdS 3 with line element ds 2 = dρ 2 +e 2ρ dzdz we consider a symmetric tensor ϕ αβγ with linearized gauge invariance
We first look for the general solution of
We find two independent solutions λ L αβ and λ R αβ expressed in terms of functions f (z) and f (z) as
with
and
The general solution has 10 free parameters. We can look for a transformation that vanishes on the geodesic (z − z 1 )(z − z 2 ) + u 2 = 0 with z = z. If we take
then the combination λ L αβ − λ R αβ vanishes at the geodesic. Next, we observe that on the geodesic the gauge transformation is simply related to the tangent vector
With this in mind, we now turn to the Chern-Simons formulation and consider the gauge transformation
where the normalization is the same as in (3.7). Note that these gauge parameters are traceless. They leave the AdS connection invariant and furthermore acts on ϕ αβγ as a spin-3 gauge transformation by λ L αβ − λ R αβ which, as we have shown, vanishes on the geodesic.
We now consider the first law variation
Now, A and A represent the connections for AdS, and we note that
where C 2 is the SL(2) quadratic Casimir. The last line in (3.24) therefore vanishes by tracelessness of δA and hence
Noting that the spin-3 field is defined (up to a possible normalization factor) as
we see that S 3 computes the integral of the pullback of the spin-3 field to the geodesic
To write this in a reparameterization invariant fashion we should divide the integrand by g µν v µ v ν , which we have been setting equal to 1. The first law for S 3 states
If we take δA to preserve the asymptotic AdS 3 structure we can take
We then have
Defining the "modular spin-3 charge"
with the spin-3 current defined as
we can write the first law in a form that parallels the first law for entanglement entropy,
In the spin-2 case both sides of this equation have a meaning in the CFT: the left hand side is the entanglement entropy and the right hand side is an integral of the stress tensor.
In the spin-3 case the meaning of the left hand side is not immediately apparent. What CFT quantity corresponds to the integral of the pullback of the spin-3 field, and what if anything does it have to do with entanglement? It will be useful to have the explicit expression when the variation is (3.30), which is
As should be clear, these considerations are easily extended to include fields of spin larger than 3.
Generalized entropy from probe actions
In [8, 9] proposals were made for computing entanglement entropy in the Chern-Simons formulation of 3D higher spin gravity. These proposals are both based on Wilson lines. The details differ; here we focus on the proposal in [8] , where a particular representation was chosen to compute the usual entanglement entropy. Our main purpose in this section is to argue that by choosing another representation the result gives the generalized higher spin entropies discussed in the last section.
Probe action
We first review the setup in [8] . We consider a Wilson line in representation R of the gauge group,
where C is a fixed contour that may be open or closed depending on context. 8 Thinking of A as a Hamiltonian, the trace over the representation space can be computed by a path integral with an appropriately chosen action. In the limit that the quadratic Casimir of the representation becomes large, the path integral can be evaluated by saddle point approximation. This is the case for the representation that is conjectured to yield the entanglement entropy, which has a quadratic Casimir that scales as the square of the central charge which is assumed to be large.
Considering the case of SL(N)× SL(N), the action depends on the following worldline dynamical variables. U is an SL(N) group element; P lives in the SL(N) Lie algebra; and λ n are Lagrange multipliers. The action is
Here Tr(P 2 ) = k ab P a P b where k ab is the Killing metric, and traces of higher powers likewise denote contractions with the corresponding invariant tensors. The covariant derivative is
For a closed contour all variables are assumed to be single valued around the contour, while for an open contour with endpoints on the AdS boundary we impose U = 1 at the endpoints (though, as in [8] , the rationale for this choice is not well understood). As usual, we will focus on the simple case of SL(3) × SL(3), but the generalization is straightforward. In this case we have two Lagrange multipliers λ 2 and λ 3 associated with the quadratic and cubic Casimirs. We take TrP 2 and TrP 3 to denote the trace in fundamental representation of the respective powers of P = P a T a , where TrT a T b = δ ab . The equations of motion are
where
together with the constraints implied by the Lagrange multipliers. The on-shell action works out to be
Probe quantum numbers
In this section we determine the quantum numbers of the probes used to compute entanglement entropy and generalized higher spin entropy. We begin by quickly reviewing the replica trick approach to computing entanglement entropy. We consider a region B of a CFT and construct its reduced density matrix as ρ B = TrBρ. The entanglement entropy is the Von Neumann entropy given by
For those ρ that can be obtained from a path integral, one can use the replica trick to compute S EE . One needs to compute the Renyi entropy 8) and take S EE = lim n→1 S (n) , which yields
.
(4.9)
For integer n, one computes Trρ n B by considering a path integral on an n-sheeted Riemann surface R n . This surface is obtained by sewing copies of the field theory in a periodic fashion. Once an expression has been obtained as a function of n, analytically continuing n → 1 (which in general requires knowledge of the asymptotic behavior in the complex n-plane) gives a result for the entanglement entropy.
A bulk computation of the entanglement entropy using the replica trick consists of finding AdS 3 geometries which asymptote to R n [53] . Because of the periodic sewing, the opening angle around the endpoints of the region B will be 2πn. This means that the geometry will have a conical deficit. If we solve for the geometry of the bulk in the presence of a Wilson line and demand that it looks like a conical deficit close to the endpoints, we should get a condition that fixes the parameters of the probe (Casimirs). This was done in [8] for the probe that computes the entanglement entropy. There is another way of obtaining these results that does not involve looking directly at the metric. One can demand that the holonomy of the connections around the Wilson line is trivial for integer n, making the solution smooth.
It suffices to consider a Wilson line extending radially from the boundary with z = z = constant. The connection A obeys the field equation
The equation forĀ is similar. For the radial probe we have, using ǫ zzρ = i 2 ,
Stokes' theorem reads
Trivial holonomy is therefore the condition 13) and so the eigenvalues of P must be integer multiples of k cs . Let P 0 denote the diagonal form of P . For SL(3), P 0 is a linear combination of L 0 and W 0 . For the case of ordinary entanglement entropy one would expect the probe to excite only the metric and not the higher spin fields, and this is achieved by taking P 0 ∝ L 0 , which was the case considered in [8] . Noting that L 0 = diag(1, 0, −1) we have
(4.14)
where we note that for n = 1 we want the boundary geometry to have a single sheet, which is already present without the probe. For the case of the higher spin entropy S 3 it is natural to expect P 0 ∝ W 0 . Since W 0 = 1 3 diag(1, −2, 1) we have
We can relate the probe quantum numbers to the eigenvalues of L 0 and W 0 in a highest weight representation. We denote the eigenvalues of the highest weight state as
The quadratic and cubic Casimir operators are
where . . . denote terms that are subleading in the large charge limit of interest here. Equating these to c 2 = Tr(P 2 ) and c 3 = Tr(P 3 ) obtained from the probe, we find h 2 = 2k cs (n − 1) , w 2 = 0 (spin − 2 probe)
Note that the spin-2 probe has c 3 = 0, while the spin-3 probe has nonzero values for both c 2 and c 3 .
Since the probe actions will be linear in the probe charges, differentiating with respect to n is equivalent to dropping the factors of n − 1 in the above. We henceforth compute the entropy by just evaluating the probe action without the factors of n − 1 in the charges, since this gives the same result.
Probe action for closed loop
We now discuss the case of a closed probe trajectory, the main application being the case that the probe winds around the horizon of a black hole. In [8] the probe was taken to have c 3 = 0. For our purposes we need nonzero values for both c 2 and c 3 , as noted above.
The on-shell action can be determined from the gauge holonomy around the closed contour. We first set A = A = 0, for which a solution to the probe equations of motion is
Here u 0 is a constant group element, and P 0 is a constant Lie algebra element. Now, the flat connections of interest can always be written in the form
The solution in the presence of these connections is then generated from (4.19) by a gauge transformation by (L, R),
We write the connections in the usual form
We take the probe to move purely in the φ direction and assume that the connections are φ-independent. In that case
The conditions that P and U are single valued on the contour are now worked out to be
Now choose matrices V and u 0 V that diagonalize a φ and a φ ,
The equations (4.24) then become
We now take
where P 0 is diagonal. Then what remains are the conditions
(4.28)
The trace conditions fix P 0 . Then by taking the trace of the top equation against P 0 , we get
which finally gives the on-shell action as
As worked out in the last subsection, the ordinary spin-2 entropy is obtained by taking 31) in agreement with (2.38). Similarly, the higher spin entropy S 3 is obtained by taking P 0 = 3k cs W 0 , which gives 32) in agreement with (3.11).
Action for Wilson line with endpoints on boundary
In this section we wish to make contact with the result (3.28) stating that for linearized fluctuations around AdS, the generalized entropy S 3 corresponding to an interval on the boundary is equal to the integral of the pullback of the spin-3 field to the geodesic connecting the endpoints of the interval. Assuming AdS asymptotics, by a gauge transformation we can always bring the unbarred connection to the form
We also set a = L −1 dz; since we'll work to linear order, we can treat fluctuations in a independently from those of a, and the analysis is identical. In (3.35) we obtained the spin-3 entropy as
The integral is, as we have shown before, proportional to the pullback of the spin three field to the geodesic line.
We now turn to the probe action, following the approach in [8] . The objective is to show that the answer matches (4.34) . The connections are written in the pure gauge form
As boundary conditions we take U = 1 at the endpoints of the worldline:
The diagonal form of M is written λ M . The solution for P is written
The probe action then works out to be
The computation simplifies for worldlines that end near the boundary. We take the endpoints to lie at u = e −ρ = ǫ. For small ǫ,
where m 1,2 can be read off from the leading behavior of traces in the fundamental representation as
To compute S 3 we take P 0 = 3k cs W 0 as in the previous section. This gives
For the connections of interest we have
where for L we path order along the worldline. The main quantity we need to compute is therefore Pe − a = Pe
Calculations in the CFT
It was pointed out in [10] that the partition function on the n-sheeted Riemann surface R n may be recast as the partition function on the plane of n copies of the original CFT in the presence of twist and anti-twist fields σ andσ. The scaling dimension of these fields is obtained by comparing the expectation value of the stress tensor on R n with the stress tensor in the presence of these twist fields inserted at the endpoints of the interval (z 1 and z 2 ). The comparison yields (note that h 2 (h 2 ) stands for the holomorphic(anti-holomorphic) scaling dimension)
In the case of a CFT with W symmetry, these twist fields are primaries associated with a highest weight state whose L 0 eigenvalue is h 2 (n). The eigenvalues of the other elements of the Cartan subalgebra are zero. i.e. the twist fields carry vanishing higher spin charge. Note that expanding (5.1) around n = 1 yields equation (4.18), which is the quantum number of the probe that computes entanglement entropy in the bulk. This means that including a bulk Wilson line anchored at a point on the boundary is equivalent to inserting a twist field in the CFT at that point, at least insofar as the charges are concerned.
In this section we propose that the higher spin entanglement entropies discussed in this work may be computed by evaluating the partition function in the presence of higher spin versions of twist and anti-twist fields associated with a different highest weight state. Namely, for the case of spin 3, we will work with quantum numbers that match (4.18) to linear order in (n−1). Note that since for these states, h is of order (n−1) 2 , the higher spin entanglement entropy vanishes for a CFT in the vacuum. This makes sense since higher spin entanglement entropies vanish for Poincaré AdS. This result will of course change when we consider the CFT in an excited state close to the vacuum or in the presence of a small higher spin source. We will perform both of these computations in the following subsections. We will show that the results agree with bulk calculations.
CFT in an excited state
Let us first consider the ordinary entanglement entropy for an interval but in an excited state close to the vacuum. This will be achieved by studying the following state
Here ǫ is an infinitesimal parameter and O(y) is a local operator inserted at some point y.
To first order in ǫ, we have
In order for these two point functions to be nonzero we need the operator O to be the stress tensor. We then have
We henceforth omit writing the second contribution since it just goes along for the ride. The variation of the modular Hamiltonian is then
Performing the integral and invoking the first law yields
(5.6)
We now show how this result can be obtained in an independent way using the twist field prescription. We need to obtain Trρ n where ρ is defined by the path integral with the insertion of O(y) = 1 + ǫT (y). To compute Trρ n via a path integral on R n we clearly need to insert a copy of O on each sheet of R n . We then recast this as a path integral of the n-fold replicated theory living on a single sheet. In this description the operator we insert is the product of O operators, one for each replica copy, each sitting at the point y.
The moral of the story is that in order to calculate the entanglement entropy we need to consider the correlator of two twist fields and the product of n copies of the operator O. Given the fact that we are working to linear order in ǫ, we can write
where T is now the total stress tensor of the n-fold replicated theory. With this we have
As the twist fields are primaries, the three point function with the stress tensor is fixed by conformal invariance. The answer is
where h 2 is the holomorphic scaling dimension of a twist field. Taking h 2 as in (5.1) we obtain
which agrees with (5.6). We have used here that C 1 = 1 as Trρ n | n=1 = 1. The omitted term in (5.4) would be obtained by including the contribution of T (y).
We turn now to the spin-3 case. In order to obtain a nonzero "modular spin 3 charge" we need to excite the CFT by an operator W (y). We then take the state to be |ψ = |0 + ǫW (y) |0 .
(5.11)
and we henceforth omit the second term. From the bulk we have shown (3.35) . Using c = 24k cs along with
we find
(5.14)
We now turn to the twist field prescription. We use primary fields with the quantum numbers in (4.18), and we denote them (σ 3 , σ 3 ). We refer to them as twist fields, although it is not clear at present what boundary conditions are being twisted. We are not starting from first principles in terms of a density matrix, but rather going directly to the result in terms of twist operators, now using the spin-3 current instead of the stress tensor. We will still refer to some kind of spin 3 density matrixρ, although the density matrix interpretation is not clear at this stage.
We are inserting a copy of (1+W (y)) for each copy of the CFT, so we need to compute the correlator of two twist fields with
This implies
Using h 3 = O(n − 1) 2 and w 3 = 2k cs (n − 1) + O(n − 1) 2 we obtain
(5.17)
where we assumeĈ 1 = 1 so that Trρ = 1. This agrees perfectly with (5.14).
Entropy in the presence of a source
In the previous subsection we have considered a CFT in an excited state slightly above the vacuum. The computation in the bulk consisted of turning on some small charges such that the connections are the ones written in (4.33) . In this subsection we consider turning on a small spin 3 source in the CFT, such that the action is modified by a term in any correlator. In the bulk, this corresponds to working with the following connections
Let us first investigate the bulk calculation. We will use the Wilson line prescription. Using the new connections, one obtains 20) with
A procedure similar to the one that led to (4.47) results in the following expression for S 3 :
We now deal with the CFT computation. We need to evaluate the correlator between two twist fields with the insertion of (5.18). Expanding to linear order in µ we obtain
The first term will not contribute to the calculation of S 3 as h 3 is of O (n − 1) 2 . The integral in the second term reads
The integral can be defined by cutting out small discs around z 1,2 , integrating, and then taking the disc size to zero. This is equivalent to the following prescription. First write
Integrating (5.25), the first term on the right hand side vanishes since there is no pole at infinity, and the second term yields the result
(5.28)
Using w 3 = 2k cs (n − 1), the entropy is then
in agreement with (5.22). Therefore, we have shown with two independent calculations that the generalized higher spin entropy can be calculated as the correlator of two primaries whose quantum numbers match the quantum numbers of the Wilson line probe around n = 1.
Linearized field equations from the first law
Entanglement entropy obeys a first law that is a generalization of the ordinary first law of thermodynamics. In a CFT with a holographic dual, this law imposes a constraint on the bulk field equations. It was shown in [6, 54, 12] that for perturbations around the CFT vacuum state for a ball shaped region, these constraints imply the gravitational linearized equations of motion about pure AdS. Note that one does not obtain the linearized equations of motion for the matter fields living in the bulk. It seems that more than the entanglement first law is needed to derive the full set of linearized on-shell conditions. In this section we will review these arguments in the Chern-Simons formulation of 2+1 dimensional gravity. We will also show that, in the bulk, there is a natural generalization of the entanglement first law that implies the linearized equations of motion for higher spin fields.
SL(2) gravity
It is useful to re-formulate the ideas in [6] in terms of Chern-Simons gauge connections. We will consider a single interval in the CFT, of width 2R and centered at x 0 . To parallel the higher dimensional discussion, we will refer to this as a ball B(x 0 , R). We consider perturbations around the CFT vacuum. The dual geometry is pure AdS, and the bulk geodesic anchored at the ends of this region is given in (2.41) which we denote by Σ.
Obtaining the linearized equations of motion in the bulk means showing δF = 0 for an arbitrary fluctuation.
We start by looking at equation (2.15) for off-shell perturbations of the connections. This means that δF = 0. If we choose the gauge parameter Λ B that leaves the background field configuration invariant, the symplectic current must vanish. Integrating this symplectic current over a spacelike surface C with inner boundary Σ and outer boundary B(x 0 , R) yields
As we discussed in previous sections, the terms on the left hand side of this equation are the variations of the modular hamiltonian and the entanglement entropy under a variation of the connection A leavingĀ unchanged. Imposing the entanglement first law then implies
Note that given the choice we have made for C, this is an integral equation for F ux in the coordinate system specified in (2.40) . From this integral equation one cannot directly obtain a local constraint, because the parameter Λ B depends on the parameters that specify the ball (x 0 and R). One way to solve this issue is to make use of the gauge transformations (2.48). By construction, these transformations leave the background field configuration invariant, so they don't change Λ B . However, they do change δF . If we denote the gauge transformation by Λ i , the new constraint reads
To say that (6.3) follows from (6.2) is to say that the bulk field equations should be invariant under gauge transformations. We then have three extra integral constraints apart from the original one. There is a two parameter family of linear combinations of the four constraints whose integrand does not depend on the parameters that spcecify the ball. This constraint is given by
for arbitrary parameters (α, β). As this constraint has to be obeyed for every value of x 0 and R, we conclude that the integrand has to be zero, obtaining then a two parameter family of local constraints. They imply that the sl(2) part of δF ux vanishes,
In order to obtain the other space time components of the linearized field equations one needs to exploit the invariance of the problem under combinations of sl(2) gauge transformations Λ and coordinate transformations ǫ µ . A combined transformation results in the following change of the linearized field strength
So if we choose the following gauge parameters that leave the background field configuration invariant
the new constraint reads These equations of motion are equivalent to the linearized Einstein equations and the no torsion constraint.
SL(N) gravity
In SL(N) gravity, the flatness conditions for the Chern-Simons gauge field are the full set of field equations for the metric coupled to higher spin fields. The results of the previous subsection establish that the first law for entanglement entropy imply the field equations for the SL(2) pure gravity subsector of the higher spin theory. But since gauge invariance links all the field equations, it will come as no surprise to learn that the entanglement first law in fact implies that the full set of linearized equations are obeyed, as we now show.
We being by writing the pure AdS connections in the usual form
The gauge transformation Λ X = L −1 XL with X a constant Lie algebra element leaves the connection invariant, so it is a symmetry of pure AdS. Under this gauge transformation the linearized field strength transforms as
From the arguments of the previous section we know that the CFT entanglement first law implies that the sl(2) part of δF must vanish. This means that the sl(2) components of equation (6.12) must vanish too. Let's assume for the moment that a δF exists that satisfies this condition. It would then be clear that one could never obtain
where T is an sl(2) element. However, in sl(N ), for two elements T 1 and T 2 we can always find a g such that T 1 = g −1 T 2 g. We must then have that δF sl(N) = 0, establishing that all components of the linearized field strength must vanish. In order to obtain this result we have exploited the fact that higher spin gauge transformations mix the higher spin degrees of freedom with the gravitational ones. The constraint imposed by the entanglement first law then also implies on-shell conditions on the higher spin fields.
It is interesting to note that there is an independent way to show linearized flatness that does not involve the CFT first law. To show this we will work with SL(3) as in previous sections, but the arguments follow through for sl(N ). The "higher spin entropy" obeys an independent constraint written in equations (3.29) and (3.34) . This constraint does not have a clear interpretation in the CFT because the meaning of S 3 is not inmediately apparent. However, if we assume that some CFT argument implies that this "higher spin first law" must be obeyed, there exists an additional constraint on the bulk fields. We start by writing the symplectic current equation for the higher spin transformation (3.23) when the fluctuations of the connections are off-shell. We again choose a spacelike surface C with inner boundary Σ and outer boundary B(x 0 , R) k cs 2π ∞ Tr(Λ 3 δA) − k cs 2π Σ Tr(Λ 3 δA) = k cs 2π C Tr(Λ 3 δF ) . (6.14)
Demanding that the variations of the "higher spin entropy" and the "modular spin-3 charge" match results in the following integral constraint on the fluctuations of the fields We have concluded that, in the same way that the CFT first law implies a bulk on-shell constraint for the metric, the law concerning the "higher spin entropy" and the "modular spin charge" imply on-shell conditions for the higher spin fields. (A.5)
9 Note that these differ from those of [20, 8] .
